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We propose that for conformal field theories admitting gravity duals, the ther- 
mal conductivity is fixed by the central charges in a universal manner. Though 

we do not have a proof as yet, we have checked our proposal against several 
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examples. This proposal, if correct, allows us to express electrical conductiv- 
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ity in terms of thermodynamical quantities even in the presence of chemical 
potential. 
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1 Introduction 



The gauge/gravity duality allows us to gain insights into various properties of strongly 
coupled gauge theories both at zero and non-zero temperature. In particular, the transport 
coefficients of strongly coupled gauge theories which are hard to compute otherwise, can be 
computed easily using gauge/gravity duality. Even though these theories, in several ways, 
are different from theories such as QCD, they do share qualitatively similar behavior. For 
instance, elliptic flow measurements at RHIC (see [1] and references therein for details ) 
seem to indicate a very small ratio T j < 0.3, which implies that QGP behaves like a nearly 
ideal fluid 2 . Moreover calculation using AdS/CFT shows universal ratio 



which falls into the experimental range observed at RHIC. Motivated by this there are 
many papers which explores the universal behavior of other transport coefficients [3]. 

In this note we conjecture that the thermal conductivity also shows some universal 
behavior. More precisely, we propose that for a d dimensional strongly coupled gauge 
theory 



where kt is the thermal conductivity (the heat current response to thermal gradient in 
the absence of electrical current), T is the temperature, [i the chemical potential, 77 the 
shear viscosity and c, k are central charges of dual gauge theory. We test our proposal 
against several examples. However a general proof of this result is still lacking. 

In the next section, after reviewing the standard result for viscosity to conductivity 
ratio at vanishing chemical potential, we show that eqn. (1.2) holds at /j, — 0. 3 Then, 
based on few examples, we conjecture that eqn. (1.2) holds true even for arbitrary nonzero 
chemical potential. Subsequently, using eqn. (1.2), we show a way to compute electrical 
conductivity in terms of thermodynamical quantities alone even in the presence of non- 
zero chemical potential. Conclusions and discussions are given in section 4. A brief 
discussion on electrical and thermal conductivity is presented in appendix A. In appendix 
B, we provide necessary details of the results that are used in the text. 

2 Let us note that this ratio for all the known material have much larger value (see [2] for details), for 
example for water, liquid nitrogen etc 7 ^ 1 and for liquid helium 2 w 0.8, in the dimension less units. 
3 Let us note that in the presence of equal number of positive and negative charges, chemical potential 
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is zero. 
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2 Thermal and electrical conductivity 



In this section we first review the relation between electrical conductivity and shear vis- 
cosity at vanishing chemical potential [4]. In a CFT, short distance physics is described by 
singularities of correlation functions where central charges of the theory appear explicitly 
(in this energy scale effects of temperature are irrelevant). For example let us consider 
correlation functions of energy momentum tensor and U(l) conserved current J M 

W(°)> - (T(x)T(Q)) ~ ^, (2.1) 

where central charges c, k measure the number of total degrees of freedom and the number 
of charged degree of freedom of the system 4 respectively. We also know that at long 
distances physics is described by thermodynamics and transport coefficients. In this 
scale, the effect of temperature becomes important. To describe equilibrium at T ^ 0, we 
look at pressure and charge susceptibility x — - where p(T, ji) is the charge density . If 
T is the only scale in the theory 5 , then 

P = cT d , x = k'T d ~ 2 , (2.2) 

where c , k' measure the number of total degree of freedom and number of charged degree 
of freedom at that scale. For d > 2, in general there is no relation between c, c and k, k' . 
But it was shown in [4] that for CFT's which admit gravity duals, there exist such relation 
and are given by 

c_ 1 /47;y r(d/2) 3 d-\ U_ 1 /47ry-2 r(tZ/2) 3 

c _ 4^l7/ T(d) d(d-l)' ~k~zJ\~d) T(d) ^ ' ' 

where 6 d > 3. 

It is well known that, in this class of CFT's, even certain transport coefficients are 
determined in-terms of thermodynamical quantities (for example 77 = ^-). Other such 
relation between viscosity and conductivity (a) at vanishing chemical potential (// = 0) is 

(d-i) 



^- 2 >(fH VW+i) P (2 ' 4) 



Eqn. (2.4) implies at vanishing chemical potential i.e. at ji — 0, electrical conductivity 
can be computed in terms of central charges only. Using eqn. (2.4), (2.2) and s = d cT^ 1 
one gets 

v = ± c 'T d -\ a = -J—^k'T d - 3 . (2.5) 
' 4tt d-2Aix K ' 



4 So we expect k < c. 

5 to define x, one can introduce small chemical potential and see the effect in p . 
6 In our notation d is the dimension of gauge theory. 
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Since thermodynamics is determined by the central charges, we conclude that the mo- 
mentum (if) and charge (a) transport are fixed by thermodynamics . Existence of such 
relations between thermodynamics and transport coefficient are interesting 8 , since trans- 
port coefficients are characterized by inelastic collisions among thermally excited carriers 
(of energy ~ T) hence they are not fixed in terms of thermodynamics. 

What we conclude from above discussion is that, at non zero temperature 
and at /i = 0, certain transport coefficients are determined by thermodynamics. It is 
interesting to ask whether for fi ^ and at finite temperature, transport coefficients can 
be determined from thermodynamics. We note that in this case it is already known that 
(1.1) still holds i.e. momentum transport can be determined solely by thermodynamics. 
It would be interesting if one can express the electrical conductivity which encodes the 
charge transport, in terms of thermodynamics. 

We now proceed to provide evidences in favor of equation (1.2). In what follows, we 
first derive equation for /i = and then provide support for cases with jj, ^ 0. 



Derivation of Eqn. (1.2) for fi = : Let us consider theory at small (single) 
chemical potential and consider the ratio ^/i 2 - Using the relation (see [7] and the 

Appendix for details) k t = f > one obtains 

^ = (e + P\ (2-9) 



\ aT2 J 



7 As an aside lets review membrane paradigm arguments. It was shown in [5] using membrane paradigm 
arguments that at fi = 0, electrical conductivity can be determined in terms of geometry only. If we use 
the results in [5], we immediately reach at 

" - 1 91+1 <fc*(r ). (2.6) 



o-T 2 T 2 16ttG n 

As an example consider a CFT with the gravity dual given by AdSd+i with d ^ 3, which has a metric 

ds 2 = ^ ( - f(r)dt 2 +dx\ + --- + dxl_,) + J^ydr\ (2.7) 

with f(r) = 1 — (^) d and hawking temperature is Th — j^-pk where tq and R are the position of horizon 
and AdS curvature scale respectively. Using the above relations we obtain, 

V _nRV d+ , (2g) 



aT 2 d 2 G d+1 

which is same as reported in [4]. 

8 We note that hydrodynamics description is valid in the energy range lj <C T which is collision 
dominated regime [6] 
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Now taking /i — > 0, using e = (d — 1)P, x — ji we immediately get 

77T = ^lFJ =87r ^TT)F (2 ' 10) 

• Support for Eqn. (1.2) for // 7^ : For non zero chemical potential, we recall 
some of the results already reported in the literature. In each case we show that 
they follow eqn. (1.2). Here we tabulate the results for strongly coupled gauge 
theories having gravity duals ( in the appendix we provide all the required details 
about gravity duals of these theories ) in the presence of single non zero chemical 
potential [7-10]. 



Gravity theory in d + 1 dimension 


K T fl 2 

V T 


d-2 [k'J 


R-charge B.H. in 4 + 1 dim. 
R-charge B.H. in 3 + 1 dim. 
R-charge B.H. in 6 + 1 dim. 
Reissner-Nordstrom B.H. in 3 + 1 dim. 
D3/D7 in 3 + 1 dim. 


8tt 2 

32tt 2 

2tt 2 

47T 2 7 2 


8tt 2 
32tt 2 
2tt 2 

47T 2 7 2 



It was further reported in [10] that for the R-charged black holes in five, four and 
seven dimensions the appropriate ratio of thermal conductivity and viscosity, regard- 
less of the number of charge contents, are 8tt 2 , 327T 2 and 2-7T 2 respectively. Based on 
these observations we propose that, even in the presence of finite chemical potential 
(and arbitrary number of them) we can write 

In the next section we use (2.11) to express electric conductivity in terms of the 
thermodynamical quantities alone. 



3 Electrical conductivity 



Let us first write down various expressions for thermodynamical quantities, transport 
coefficients such as viscosity, electrical conductivity in the presence of single chemical 
potential. In our definition, X — ~- m case °f nonzero chemical potential we expect 
different thermodynamical quantities and transport coefficients to get modified from that 
of eqn. (2.2), (2.5) . In general these can be written as 

P = cT d f p (m), X = k'T d ~ 2 f x (m), (3.1) 
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and 



a = J-,±k'T d - 3 f a (m), V = ^c'T^f^m), (3.2) 



d-2A7r J " y n ' 4vr 

where m = ^ and /(m)'s are defined such that f(m = 0) = 1. Now using 



we get an important constraint between the function /(m)'s 



fxfv 



= 1, (3-4) 



which gives / CT = -^a 2 . We then obtain expression for conductivity 9 

which is entirely fixed in terms of central charges (and thermodynamic quantities). For 
illustrative purpose we end this section with a specific example. Let us consider gauge 
theory dual to single R-charged five dimensional blackhole. 

Using (3.5) and f x , f v , f P and k' written in the appendix (B), equation (B.20) we 
obtain 

T2rT1 (2 + Ki 



a = N T[ 



where K\ can be expressed in terms of m. This is same as the result reported in the 
literature [10, 11]. 



4 Discussion 



We have conjectured that, for strongly coupled gauge theories admitting gravity dual, 
there exists a universal relation between the thermal conductivity and viscosity. This 
implies that the thermal conductivity can be fixed in terms of the central charges (ther- 
modynamics) alone. We provided several examples satisfying our conjecture. Further 
more, using our proposed relation, we showed how electrical conductivity can be fixed in 
terms of thermodynamics even for ji ^ 0. 

In general we have c > k, i.e. the charge degree of freedom is less than the total 
degree of freedom. As a consequence we get a bound 

87r 2 (d-l)77T^^ ; k [ } 



3 We may also write it as, a = (f^X 2 (J+pyi > where X = 



= £ 
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We can also examine how the bound on ^ gets modified in the presence of a chemical 
potential. To prove the relation stated in eqn. (2.11), we suspect that the membrane 
paradigm arguments might be helpful (It is quite similar to ratio -, which remains same 
for vanishing and nonvanishing chemical potential). It will also be interesting to see 
whether the other transport coefficients such as thermo-electric coefficient can be be fixed 
using results reported in this paper. Also it is of interest to explore as to how eqn. 
(2.11) as well as the bound get modified when higher derivative corrections are taken into 
account. These are currently under investigation. 
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A Electrical and Thermal conductivity: 

In this appendix we present, in brief, the definitions of electrical and the thermal conduc- 
tivities that are discussed in the text. For more detail, see [7-12]. 

• Electrical conductivity: The electrical conductivity is usually computed from 
current-current correlator 

A = - lim G ^ u ^ = °) = lim J_ f° dt e -iut f ^[j x (f > f) j 4(0,0)]). (A.l) 
^->o iuj uj^o 2co J_ 00 J 

Upon computing one finds 

where p, e and P are the charge density, energy density and pressure of the fluid 
respectively and 

a = »(A) = - hm 3^1^11. (A . 3) 

Let us note that in the presence of charge density, in the limit oo — > 0, £y(A) = — -^p^ 
diverges, where as a remains finite. In the text the conductivity that we have 
discussed is a. 



6 



Thermal conductivity: In the following we first review the hydrodynamics with 
multiple conserved charges (see [10]) and write down an expression for thermal 
conductivity. The single charge case was discussed in [7] . 



Relativistic hydrodynamics with multiple conserved charge: The continu- 
ity equations are normally presented as 

d,T^ = 0, d, Jf = (A.4) 

where 

= (e + P)u"u u + Pgv + t"", Jf = Pi u» + z/f (A.5) 

In the above e and P are the local energy density and pressure respectively, is 
the local velocity and it obeys = — 1, where as and are the dissipative 
parts of stress-energy tensor and current. 

One can choose and p^'s so that 

Ufl r^ = uX = 0- (A.6) 

Note that 

u v dpT* a ' = -(e + - u^e + u v d^ v = 0. (A.7) 

We also have 

m m 

e + P = Ts + rfPi, de = Tds + Y^ ^ d Pi- ( A -8) 

i=l i=l 

Using which one gets 

/ m a \ m i nu 

d » ( su "-H )= - E < 9 4 - ~r d ^ ■ (A - 9) 

V i=l ) i=l 

Now <9^ ^sm m — t"^^ can be interpreted as the divergence of the entropy current 
which implies right hand side is positive. So we write 

m / j j\ 

< = ~ E *y d *Y + u " uXd *Y (A - 10) 

j=l V / 

and similarly for (see [7]) . To interpret Xjj as the coefficient of thermal conduc- 
tivity, consider no charge current i.e. Jj* = 0, 10 but there is an energy flow, T ta ^ 0, 
which is the heat flow. Take u a to be small so that one gets using eqn. (A.5) 

m j 
3=1 



10 In our notation fi, v runs from t, 1, 2...D , where as a runs from 1, 2, ...D, and i,j are R-charge indices. 
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From which one can obtain 



i,j=l i=l 

hence 

u a = 

lit, 

V „..»... 

V 

Using eqn. (A. 8) we get 



X>*5V a = E*^> (A - n) 



i m ; 

- — Z>^- ( A - 12 ) 



f>8-£ = (A.13) 



i=l 

after substitution, this gives 



u a = - m 1 C-^r)(d a T - j^pd-P) . (A.14) 
E A^i'Pj 

Therefore 

-6 + ^9, ™ m T 



T to = ( e + P)u" = (-^Y(d a T - —5d a P) (A.15) 

Pi^ij Pi 



hence the coefficient of thermal conductivity can be read off as 



P\ 2 1 



«r = { — ) — • (A.16) 

v y E pi^pj 

Note that, can be found out from greens function as 

G™(u, ? = 0) = -iw^ = -iW(7y, (A.17) 

where Jf = —Gij(u,q = 0)Aj and aij(uu,q = 0) can be obtained using current- 
current correlator as discussed earlier. 



Let us note that for single charge black hole — ^— = 4- Therefore 

6 6 tufa Pi r 

e + P\ 2 fe + P\ 2 <J 



KT =(— ,= l— -. (A.18) 
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B Examples 

Here we present computations which led to the results of Table in section 2. 



• AdS 4 Reissner-Nordstrom blackhole: The action is 

1 ,„ 6 , 1 



S = d'x^Tg —(R + -)- —F 2 . (B.l) 



2k 2 y L 2 Ag 2 



Metric is given by (for details see [8]) 



J? dr 2 
ds 2 = ^(-f(r)dt 2 + ^— + dx i dx i ). (B.2) 



r 2 f(r 
Thermodynamical quantities are given by 

r =T^-(3- ! ^). p = tXt^ + ^) (B-3) 
Anr + 7 2 2K 2 r A + 7 2 

and 

2ttL 2 p 2L 2 1 
S = ——, X = - = — 2 B - 4 

where r + is the horizon radius and 7 2 = 2g ^f 2 . To find out c and k' best is to set 
p to zero (then express r + in terms of T) and compare with eqn.(2.2). After doing 
this one finds 

c' = *' = ^-§V (B.5) 

2«r 3 3 

For this background with nonzero chemical potential, electrical conductivity is given 
by o = ^pj 2 ^. Using this result we can find out thermal conductivity. On 

evaluating the ratio one finds it to be equal to 47r 2 7 2 . Up on evaluating the 
ratio -^(jr^ we the same result (note that here d=3). 

AdS/QCD (D3/D7): In [9], authors considered N c D3-branes and Nf D7-branes, 
and treated the D3-branes as a gravitational background (RN-AdS black hole). This 
corresponds to the M = 4 SYM in finite temperature with finite baryon density. 
To identify c and k' , consider limit p — > 0. In this limit various thermodynamical 
quantities are given by 

T = % (B.6) 



Til 2 

2k 



2 T i (B.7) 



D 27T 2 / 9 . 

X = ~ = —T 2 . B.8 

p e 2 
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Now comparing with P = cT 4 , - = \ = k'T 2 , we find c — ^--£2 and k' = 27r 2 ^-, 
where / is AdS radius, K and e are gravitational and electromagnetic coupling 
constants respectively. Ratio of e and K can be expressed in terms N c and Nf as 
= Afej- 2 . So using these values we get = 2vr 2 ^ = 2tt 2 ^. This is exactly 
the result which was reported in [9] where authors computed electrical conductivity 
to find out thermal conductivity and then the required ratio. 



Five dimensional R-charged black hole: Here we collect all the relevant infor- 
mation for five dimensional R-charged black hole. The Lagrangian is 

-^= = R-\G ij FLF^ + , (B.9) 



v .v 4~" / ~" !/ 

where 



Glj = ^diag [(X 1 )" 2 , (X 2 )- 2 , (X 3 )- 2 ] . 



2 

Metric and gauge fields are (for single R-charge) 

\2 f^rp T\2 



dsl = - H -^^LL f dt 2 + ^M. ( dx 2 + d y 2 + d z 2 ) + H^^—du 2 , 
u u ' Aju 2 

(B.10) 

f(u) = H(u) - u 2 (l + Kx) , if = l + Ki«, (B.ll) 



A = ^ ' ( } 



1 N : 



2 



16ttG 5 16tt 2 L 3 
Viscosity and various thermodynamical quantities are given by 



(B.13) 



T= o 2 + Kl T , (B.14) 
2^/(1 + 

_ ttN 2 T 3 (1 + 

77 - 8 (1 + f) 2 ' (B - 15) 



7r 2 iv 2 r 4 (1 + 
8 (1 + f) 4 



(B.16) 



where To is the temperature at vanishing K\ i.e. at vanishing chemical potential. 
The charge density is given by 

P = ^^V2^(1 + ^) 1/2 . (B.17) 
The chemical potential conjugate to p is defined as 



fj, = A t (u) 



irToy/litl,, 1/2 



1 (l + «i) 

u=l 



l + /ti) i/2 , (B.18) 
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so that susceptibility is given by 

£ = gg (i + «.)' (B19) 

where we have used eqn. (B.14) to express T in terms of T. 

Upon comparing eqn. (3.1) and eqn. (3.2) with eqn. (B. 15), eqn. (B. 16) and eqn. (B. 19) 

we get 

ft + f f N _ (l + ^l) 2 f , (l + ^l) 3 ,_7T 2 iV 2 ,,_iV 2 

" (1 + ^)2' M"»J - (1 + f) 3' M™J " (l + f )4' C " — » fc " -y 

(B.20) 



• 4 and 7 dimensional R-charge black holes: In order to avoid repetition, here we 
just list values of c and k' which were used in the Table. In four dimensions we have 



k' = -^=, and c = ^f^- (|) 3 Nl /2 . In seven dimensions we have k' = (f) 5 N^n, 

i 3 1 

and c = \ (|) iV c 3 . See [10-14] for details of the geometry. 
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